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Abstract
We address the implementation of Wald tests associated with mean-variance spanning when short positions are
prohibited. We show how necessary and sufficient conditions for optimal mean-variance spanning differ from
the sufficient conditions that have been implemented in testing 401(k) plans. We also exploit the characterization
of stochastic discount factors in the presence of a risk-free asset to efficiently implement Wald tests in the context
of mean-variance spanning with short-sales constraints.
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1. Introduction
A set of assets is said to span the mean-variance space if the efficient frontier they generate cannot be
improved upon with additional assets (Huberman and Kandel, 1987). Mean-variance spanning has been used to
assess the benefits of international diversification, evaluate mutual fund performance and test linear-factor asset
pricing models (cf., Errunza et al., 1999; Li et al., 2003; De Roon and Nijman, 2001; Fama and French (2015,
2018); and the textbooks of Campbell et al., 1997 and Cochrane, 2005.) Elton et al. (2006) and Tang et al. (2010)
use the concept of mean-variance spanning to evaluate defined contribution (DC) retirement plans, such as
401(k) plans in the United States. Investment funds in a DC plan are said to be mean-variance spanning if they
generate the same efficient frontier as a benchmark set of index funds. In other words, their efficient frontier
cannot be enhanced with one or more assets from the benchmark set. It is then likely that the plan will be able
to satisfy a variety of risk/return preferences among its enrollees.
In their seminal paper, Huberman and Kandel (1987) allow for short-selling, but investment funds in
DC plans cannot be held short. De Roon et al. (2001) introduce a Wald test for regression-based mean-variance
spanning that accounts for short-sales constraints, which Elton et al. (2006) and Tang et al. (2010) apply to
evaluate DC plans. However, we show that both sets of authors implement the test incorrectly. Specifically, they
test a necessary, but not sufficient, condition for spanning. This leads to an overestimation of the number of plans
that span as was empirically observed in AitSahlia et al. (2021).
For the implementation of their Wald test, De Roon et al. (2001) have to rely on mean estimates of
unobservable stochastic discount factors. In this paper, we exploit the uniqueness of the mean stochastic discount
factor in the presence of a risk-free asset, thereby avoiding potential issues related to covariance estimation and
numerical instability.
The remainder of the paper is organized as follows. In Section 2, we re-examine the methodology of
mean-variance spanning with short-sales constraints and re-derive the associated Wald tests using first principles
of optimization. In Section 3, we show how the tests are incorrectly implemented in the extant literature on
401(k) plans, and in Section 4 develop new approaches for their proper implementation. Section 5 concludes.
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2. A Re-Examination of Mean-Variance Spanning Tests
We review here the regression-based mean-variance spanning test methodology and highlight some
issues related to its implementation. Along the way, we re-derive the main test in DeRoon et al. (2001) by
avoiding their use of the stochastic discount factor approach for asset pricing and by relying instead on first
principles for portfolio optimization. Due to the multitude of stochastic discount factors, DeRoon et al. (2001)
suggest an implementation of their test that makes use of only the smallest and the largest mean discount factors.
However, these are not observable and must be implied. As an alternative to their approach, we appeal to the
uniqueness of the mean discount factor in the presence of a risk-free rate, with the former being the inverse of
the latter. We also show that in their implementation of the Wald test provided by DeRoon et al. (2001), both
Elton et al. (2006) and Tang et al. (2010) incorrectly specify their statistical hypotheses.
We start this review by first recalling some salient features from the classical set-up with no short-sales
constraints, going back to at least Huberman and Kandel (1987). Suppose a 401(k) plan consists of a set of K
funds. To assess the efficiency of this plan relative to a benchmark of N index funds, we want to determine
whether the mean-variance frontier associated with the K funds coincides with that generated with the augmented
set of K+N funds. In other words, the K funds are “sufficient” to span the frontier of the K+N funds.
Let 𝑅 and 𝑟 be the 𝐾 × 1 and 𝑁 × 1 return vectors of the K funds in the plan and the N benchmark
indices, respectively. Denote by 𝜇 and 𝜇 their corresponding expected return vectors. Related covariance
matrices are defined as follows:
Σ

,

: a 𝐾 × 𝐾 covariance matrix between the 𝐾 funds captured by the returns vector R;

Σ , : an 𝑁 × 𝑁 covariance matrix between the returns of the N benchmark indexes captured by
vector r;
Σ
Σ

,

,

: a 𝐾 × 𝑁 covariance matrix of the K fund returns with the N benchmark returns.
: an 𝑁 × 𝐾 covariance matrix of the N benchmark returns with the K funds. It is the transpose
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of Σ

,

(i.e., Σ

,

=Σ

,

)4

These covariance matrices are then concatenated into the (𝐾 + 𝑁) × (𝐾 + 𝑁) covariance matrix Σ
across all 𝐾 + 𝑁 assets defined as:
Σ
Σ

Σ=
𝜇
Similarly, we denote by 𝜇 = 𝜇

Σ
Σ

,
,

,
,

.

the (𝐾 + 𝑁) × 1 (concatenated) vector of expected returns across the 𝐾 +

𝑁 assets.
A vector 𝜔∗ ∈ ℝ

is mean-variance efficient across the K+N assets if it solves the optimization

problem
max{𝜔 𝜇 − 𝛾𝜔 Σ𝜔 − 𝜂(𝜔 𝑖 − 1)},

(1)

where 𝛾 is a coefficient of risk aversion, 𝑖 is the (𝐾 + 𝑁)-long unit vector and 𝜂 is the Lagrange multiplier
associated with the constraint 𝜔 𝑖 = 1.
The K funds in the plan are mean-variance spanning relative the N benchmark indexes if the optimal
portfolio 𝜔∗ is allocated to only the K funds, and not to any of the N index assets, for all values of 𝛾. That is, if
𝜔∗ is of the form:
𝜔∗
,
0

𝜔∗ =

where the K-vector 𝜔∗ is the allocation into the K funds and 0 is an N-dimensional vector of zeros. The
associated first-order conditions are then of the form:
𝜇
𝜇

4

−𝜂

𝑖
𝑖

=𝛾

Σ
Σ

,
,

Σ
Σ

We use the superscript ′ for matrix transposition.
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,
,

𝜔∗
,
0

(2)

for all values of 𝜂 and 𝛾, where 𝑖 is the K-unit vector (same dimension as the vector R) and 𝑖 is the N-unit
vector (same dimension as the vector r). Solving for 𝜔∗ above yields:
𝜔∗ = 𝛾

Σ

,

(𝜇 − 𝜂𝑖 ).

Substituting this solution into the last N rows of the first-order conditions leads to
𝜇 − 𝜂𝑖 = 𝛽(𝜇 − 𝜂𝑖 ),
where 𝛽 is defined as Σ

,

Σ

,

. Therefore, the K plans are mean-variance spanning relative the N benchmark

indexes if, for all 𝛽 and 𝜂, we have:
(𝜇 − 𝛽𝜇 ) + (𝛽𝑖 − 𝑖 )𝜂 = 𝟎,
where 0 is a zero-vector of dimension 2𝑁. 5 In other words, the above is true if:
𝜇 − 𝛽𝜇
𝛽𝑖 − 𝑖

= 0,

(3)

If the funds in the plan span, then the optimal mean-variance allocation (𝜔∗ , 𝜔∗ ) is such that 𝜔∗ = 𝟎 , where
𝟎 is the 𝑁-dimensional zero vector. Incidentally, there is only one solution because the necessary assumption
of positive definiteness of Σ leads to the convexity of the objective function (1).
If conditions (3) are satisfied, then any strategy 𝜔 involving the 𝑁-dimensional benchmark can be reexpressed as a strategy involving the 𝐾 funds only. Indeed, for any 𝜔 involving the N indexes and
satisfying 𝜔 ∙ 𝑖 = 1, there exists a strategy 𝜔 involving the 𝐾 funds only and such that 𝜔 ∙ 𝑖 = 1, which
is obtained as 𝜔 ∙ 𝛽 by virtue of the second set of equations in (3).
These theoretical conditions can be empirically tested, as originally proposed by Huberman and
Kandel (1987) who test the null hypothesis

5

For the remainder of the paper, we do not use boldface and omit the subscript to reference dimension if the context is
evident.
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𝛼
𝛽𝑖 − 𝑖

= 0,

in the multivariate regression specification
(4)

𝑟 = 𝛼 + 𝛽𝑅 + 𝜀,
where 𝛼 is an 𝑁 × 1 vector and 𝛽 is an 𝑁 × 𝐾 matrix.

2.1

Effect of Short-Sales Constraints
Given short-sales constraints, the mean-variance optimization problem across the K+N assets consists

in determining the K-dimensional vector 𝜔 ≥ 𝟎 and the N-dimensional vector 𝜔 ≥ 𝟎 that maximize
𝜇
(𝜔 , 𝜔 ) 𝜇

− 𝛾(𝜔 , 𝜔 )

Σ Σ
Σ Σ

𝜔
𝜔 ,

(5)

subject to 𝜔 ∙ 𝑖 + 𝜔 ∙ 𝑖 = 1.
The corresponding Karush-Kuhn-Tucker (KKT) are then:
𝜇
𝜇

−𝛾

Σ Σ
Σ Σ

𝜔
𝜔

−𝜂

𝑖
𝑖

+

𝛿
𝛿

= 0,

where the Lagrange multiplier 𝜂 is a scalar associated with the constraint 𝜔 𝑖 + 𝜔 𝑖 = 1, and 𝛿 and 𝛿 are
non-negative Lagrange multipliers of dimensions 𝐾 and 𝑁, respectively, that are associated with the no-short
sales constraints 𝜔 ≥ 0 and 𝜔 ≥ 0 . The latter multipliers satisfy the complementarity slackness conditions:
𝛿

,

𝜔

,

= 0, for 1 ≤ 𝑗 ≤ 𝐾,

and

𝛿, 𝜔

,

= 0,

for 1 ≤ 𝑗 ≤ 𝑁.

If the funds in the plan span, then the optimal mean-variance allocation (𝜔∗ , 𝜔∗ ) is such that 𝜔∗ = 0 .
As a result, the KKT conditions become:
𝜇 −γΣ

𝜔∗ − 𝜂𝑖 + 𝛿 = 0
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(6)

𝜇 −γΣ 𝜔∗ − 𝜂𝑖 + 𝛿 = 0
𝛿

,

(7)

𝜔∗ , = 0, for 1 ≤ 𝑗 ≤ 𝐾;
𝜔∗ ≥ 0 ,

𝛿 ≥0

𝜔∗ ∙ 𝑖 = 1.
With one eye toward the specification (4) for the empirical tests that will follow, let 𝛼 = 𝜇 − 𝛽𝜇 . Then we
can rewrite (7) as
𝛼 + 𝛽𝜇 − 𝛾Σ 𝜔∗ − 𝜂𝑖 + 𝛿 = 0.
From (6), we have, given that Σ

is positive definite,
𝜔∗ = Σ

Note that 𝛿

,

(8)

(𝜇 − 𝜂𝑖 + 𝛿 ).

(9)

= 0 for 𝜔∗ , > 0. For notational simplicity, and to avoid introducing an additional index as in

De Roon et al. (2001), we may assume that 𝜔∗ > 0; i.e., for all subscripts. As a result, the optimal
allocation 𝜔∗ , > 0 can now be written as:
1
𝜔∗ = Σ
𝛾

(10)

(𝜇 − 𝜂𝑖 ).

Substituting (10) back in (8), we get:
𝛼 + 𝛽𝜇 − Σ Σ

(11)

(𝜇 − 𝜂𝑖 ) − 𝜂𝑖 + 𝛿 = 0.

Again, with an eye toward the specification (4) for the forthcoming empirical tests, let β = Σ Σ

.

Then (11)

can now be re-written as
𝛼 + 𝛽𝜇 − 𝛽(𝜇 − 𝜂𝑖 ) − 𝜂𝑖 + 𝛿 = 0,
which becomes
𝛼 + 𝜂(𝛽𝑖 − 𝑖 ) + 𝛿 = 0.
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(12)

Since 𝛿 ≥ 0, (12) implies the necessary condition
𝛼 + 𝜂(𝛽𝑖 − 𝑖 ) ≤ 0.

(13)

Condition (13) is also sufficient for (12) since 𝛿 ≥ 0 is uniquely characterized by (12). In other words,
if (13) is true, then setting
𝛿 = −[𝛼 + 𝜂(𝛽𝑖 − 𝑖 )]
will make (12) true (a tautology). Note that (13) is the same as (15) on p. 727 in De Roon et al. (2001), once
we divide through our expression by 𝜂, which is the inverse of their υ.6 Finally, multiplying both sides of (9)
by 𝜔∗ and using 𝜔∗ ∙ 𝑖 = 1 and 𝜔∗ ∙ 𝛿 = 0 yields
𝜔∗ ∙ 𝜇 − 𝛾𝜔 ∗ Σ

𝜔∗ − 𝜂 = 0.

With the expression (9) above for 𝜔∗ , the latter equation becomes
(𝜇 − 𝜂𝑖 ) Σ
Assuming 𝛾 < 𝜇 𝛴

𝜂𝑖 − 𝜂 = 0.

𝑖 , the Lagrange multiplier 𝜂 for the portfolio allocation that satisfies:
.

𝜂=

The assumption above is equivalent to 𝜂 > 0, which is implicit in DeRoon et al. (2001). For ease of
comparison with De Roon et al. (2001), we multiply through (13) by 𝜐 = 1/𝜂 > 0 to rewrite it as
𝜐 𝛼 + 𝛽𝑖 − 𝑖 ≤ 0.

(14)

We should note that the assumption of optimal weights in the funds being strictly positive (𝜔∗ > 0) can be
relaxed. For a given risk tolerance parameter 𝛾, denote by ℬ the set of indices out of the 𝐾 funds in the plan so
that for the spanning solution (𝜔∗ , 0 ) satisfying the the KKT conditions (6)-(7), we have 𝜔∗ , = 0 for i ∈ ℬ.

6

We again recall here that we do not use the equivalent of their superscript (υ) for notational simplicity, but we similarly
refer here to the dimensions of α and, later, to ℬ, associated with assets with non-zero, i.e. positive allocation.
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Also, let ℬ be the complement of ℬ in {1,2, … , 𝐾}. In this case, 𝛿

,

= 0, for 𝑗 ∈ ℬ . Then, from (9), we can easily

show, similarly to (13), that spanning is equivalent to
𝛼 + 𝛽 (𝜇 − 𝜂𝑖 ) + 𝜂(𝛽𝑖 − 𝑖 ) ≤ 0,
where 𝛽 ≡ Σ
the matrices Σ

ℬ.ℬ

× Σℬ,

and Σ

, with Σ

ℬ.ℬ

and Σℬ,

consisting of the columns in ℬ and rows in ℬ of, respectively,

. The difference between the above expression and (13) is the presence of 𝛽 (𝜇 − 𝜂𝑖 ),

where it vanishes in (13). One can make the case that 𝛽 (𝜇 − 𝜂𝑖 ) is negligible as the inequality above has to
apply to all risk factors. As a result, the binding indices would have to be the same for all risk parameters, which
for a large number of funds in a plan, would likely mean that ℬ is empty.

3

A Critique of the Current Literature on 401(k) Plan Spanning Tests
In the presence of short-sales constraints, both Elton et al. (2006) and Tang et al. (2010) use the implicit

optimality condition
𝜇 − 𝛽𝜇 ≤ 𝟎,

(15)

where 𝟎 is, this time, of dimension 𝑁. While not using any formal optimization model7, Elton et al. (2006) justify
their choice by arguing that “If short sales are forbidden, then only the addition of an asset with positive alpha
can improve the efficient frontier…” (p. 1304). Similarly, Tang et al. (2010) state: “As short-sales are not
allowed for market benchmark index, if none of the 𝛼 are statistically significantly positive, we could conclude
that performance of funds under the plan cannot be improved by holding a long position in any of the eight
market benchmark indices.” (p. 1078).

7

We infer their implicit optimality condition (15) on the basis of their exclusive reliance on the specification (4) and their
null hypothesis 𝛼 ≤ 0.
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We argue next that (15) is in fact not reflective of an optimality condition with short-sales constraints,
in the sense that one can still improve the efficient frontier of a given set with the addition of another asset whose
alpha is negative relative to the former. Consider assets 1, 2, and 3 with return covariance matrix
0.011 0.002 0.001
0.002 0.012 0.003
0.001 0.003 0.020
and their associated expected returns 0.043, 0.001, and 0.028, respectively. Then the mean return of asset 2 (call
it μ ) satisfies μ = 0.001 = −0.012 + 0.1689 × μ + 0.1416 × μ , where μ = 0.043 and μ = 0.028 are
the mean returns of assets 1 and 3, respectively. For a given expected return of 3%, the variance minimizing
allocation when only assets 1 and 3 are considered is 0.1333 and 0.8667, with a resulting standard deviation of
portfolio return equal to 0.1243. On the other hand, with the addition of asset 2, and for the same level of expected
return of 3%, the variance minimizing strategy is 0.5410, 0.2265, and 0.2326, for assets 1, 2, and 3, respectively.
The standard deviation of the return on this portfolio is smaller, namely, 0.0773, despite the negative alpha of
the additional asset 2.
This example clearly shows that the condition (15) advocated by Elton et al. (2006) and Tang et al.
(2010) is not sufficient for spanning. Observe that this example is compatible with a risk-aversion
coefficient 𝛾 = 19.6, which results in a zero-beta rate 𝜂 = −8.7%. These parameters and the associated strategy
above do not satisfy the necessary and sufficient optimality conditions under short sales constraints (6)-(7),
specifically,
𝜇 − 𝛽(𝜇 − 𝜂𝑖 + 𝛿 ) − 𝜂𝑖 ≤ 0,

(16)

the left-hand of which in our counter-example translates to
. 001 − (0.1689,0.1416) × ((0.043,0.028) + 0.0873 × 𝑖 + 0 ) + 0.0873 = 0.05 > 0,
where 𝑖 = (1,1) and 0 = (0,0) , which shows that Asset 2 does indeed enter in the three-asset portfolio with
expected return of 3% (no spanning). Clearly, condition (16) subsumes (15), and the latter is only necessary, but
not sufficient. As argued earlier, conditions (6)--(7) are ultimately captured equivalently by conditions (13).
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4

Wald Test Implementation Challenges
For spanning, conditions (13), or their De Roon et al. (2001) version (14), have to be satisfied for the
entire range of values of the mean discount factor 𝜐. Within the framework of the regression model (4), De
Roon et al. (2001) suggest (pp. 729-730) that it is enough to jointly test
1 𝛼 + 𝛽𝑖 − 𝑖 ≤ 0
(18)
𝜐

𝛼 + 𝛽𝑖 − 𝑖 ≤ 0,

where 1 is the upper bound on the values of 𝜐 and their lower bound is 𝜐

=

[

, where 𝐸[𝑅

] is the

]

mean return of the global minimum variance portfolio.
The inequalities above restrict linear transformations on the 𝑁 elements of 𝛼 and the 𝑁 × 𝐾 elements
of 𝛽. Following Kodde and Palm (1986), as suggested by De Roon et al. (2001), a Wald statistic can be used
to test the inequalities in (18), namely
𝜉 = min(𝛾 − 𝛾) Σ

(𝛾 − 𝛾),

(19)

where

𝛾=

with 𝜇 = 𝐸[𝑅

−𝛼 − 𝛽 × 𝑖 + 𝑖
−

𝛼−𝛽×𝑖 +𝑖

,

(20)

] − 1, and
−𝐼
1
Σ=
−
𝐼
1+𝜇

−𝐴

−𝐼
1
Ω
−𝐴
−
𝐼
1+𝜇
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−𝐴
−𝐴

,

(21)

with 𝐼 defined as the 𝑁 × 𝑁 identity matrix, 𝐴 as the Kronecker product 𝐼 ⨂𝑖 , and Ω as the (𝑁 + 𝑁𝐾) ×
(𝑁 + 𝑁𝐾) covariance matrix between the multivariate intercept 𝛼 and the loading matrix 𝛽 in the multivariate
regression (4). Using standard notation, 𝛼 and 𝛽 refer to estimates of 𝛼 and 𝛽, respectively.8 We observe that
virtually all, if not all, plans offer risk-free funds and that all assets are priced in a context where a risk-free
asset is present for asset pricing consideration. As a result, we instead appeal to the fact that in the presence of
a risk-free rate, say 𝑟 , there is only one mean stochastic discount factor, namely

. Consequently, instead

of the two sets of inequalities in (18), we only need to deal with one set in (17) with 𝜐 =

, and for (20)—

(21), we now have:

𝛾=−

Σ=

𝐼

1
𝛼−𝛽×𝑖 +𝑖
1+𝑟

−𝐴 Ω

𝐼

−𝐴

(22)

It should be noted that an additional benefit of the reliance on the characterization of stochastic discount factors
in the presence of a risk-free asset is that it avoids the use, as advocated by DeRoon et al. (2001), of estimating
the covariance matrix between a very large number of assets in order to arrive at a value for 𝜐

. As pointed

out by DeMiguel et al. (2009), this estimation exercise is not trivial at all and is in fact at the source of the
difficulty of consistently dominating the simple 1/n strategy.

5. Conclusion
Regression-based mean-variance spanning tests are ubiquitous in empirical finance. Our paper centers
on challenges that arise when these tests are implemented in the context of short-sales constraints, as in definedcontribution retirement plans such as the 401(k) plans for U.S. employees. While the standard Wald testing
methodology relies on the implied means of unobservable discount factors, we exploit the property that the mean

8

As a reminder, 𝛼 and 𝛽 are vectors of dimension 𝑁 × 1 and 𝑁𝐾 × 1, respectively.
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discount factor is uniquely determined in the presence of a risk-free asset to help with its efficient
implementation.
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